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Our goals: explain observations in the chromosphere



Our goals: explain observations in the chromosphere

Sources of polarization: symmetry breaking situations

Magnetic fields: they point to a preferred direction

Radiation field: strong anisotropy radially, corrugation of the 
atmosphere…

Collisions (see sec. 7.13 in “Polarization in spectral lines”)



Our goals: explain observations in the chromosphere

Fig. 2.—Emergent StokesQ-profiles of the He i 108308multiplet calculated for the two lines of sight illustrated in Fig. 1: 90! scattering (left panels, where the Stokes
Q-profile is normalized to themaximum line core intensity of the Stokes I emission profile of the red line) and forward scattering (right panels, where the StokesQ-profile is
normalized to the maximum line core depression of the Stokes I absorption profile of the red line). Each panel shows the results of three possible calculations for a given
strength of the assumed horizontal magnetic field, whose orientation is as shown in Fig. 1, that is, such that the magnetic field vector is always perpendicular to the line of
sight. While the dotted lines neglect the influence of atomic-level polarization, the solid lines take it fully into account. The dashed lines showwhat happens when only the
lower level of themultiplet is assumed to be completely unpolarized. The calculations have been carried out for a thermal velocity vT ¼ 6 :5 km s# 1. The positive reference
direction for Stokes Q is along the direction of the horizontal magnetic field.
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Reproduced from Trujillo Bueno & Asensio Ramos (2007)

Let’s assume: 
Zeeman induced polarization (only) 

We are neglecting: 
scattering/atomic polarization, Hanle effect, Stark effect…



Line PRD/SE Polarization Max. formation

Na I D1 SE Zeeman + atomic pol. Upper photosphere

Mg I 517 nm SE Zeeman + atomic pol. Upper photosphere

Ca II IR triplet SE Zeeman + atomic pol. Lower chromosphere

H I 656 nm SE Zeeman + atomic pol. Middle chromosphere

He I D3 SE Zeeman + atomic pol. Mid/up chromosphere

He I 1083 nm SE Zeeman + atomic pol. Mid/up chromosphere

Ca II H & K PRD Zeeman + atomic pol. Upper chromosphere

Bjørgen et al. (2018)

(some) Chromospheric diagnostics



Some basic relations in radiative transfer



The unpolarized transfer equation

dIν

ds
= jν − ανIν

dIν

ανds
=

jν
αν

− Iν

Iν(τν) = Iν(0)e−τν + ∫
τν

0
Sν(τ′�ν)e−(τν−τ′�ν)dτ′�ν

dIν

dτν
= Sν − Iν
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Analytical solution: the slab of constant properties

Iν(τν) = Iν(0)e−τν + ∫
τν

0
Sν(τ′�ν)e−(τν−τ′�ν)dτ′�ν

Iν(τν) = I0e−τν + Sν(1 − e−τν)
contribution 

of the cloud

Incoming 
radiation

What is the role of �  in this equation?  
Try do hand-wave assuming large and low values of �

τν
τν

s is

TF



The Eddington-Barbier approximation

I+
ν (τν = 0,μ) = ∫

∞

0
Sν(tν)e−tν/μ dtν

μ

The emerging intensity of an optically thick medium at the top of the atmosphere is:

The intensity escaping from a stellar atmosphere is set by the source function from 
the top of the atmosphere ( � )  to an optical depth where the exponential 
makes the integrand zero ( � ). We can derive from which layer photons are 
scaping. Let’s assume a polynomial source function:

τν = 0
τν ≈ 10

Sν(τν) =
∞

∑
n=0

anτn
ν

If we truncate �  after the first two terms, we can solve the integral and derive the 
Eddington-Barbier approximation:

Sν

I+
ν (τν = 0,μ) ≈ Sν(τν = μ)

So for vertical rays, the intensity can be approximated by the value of the source 
function at � .τν = 1



The Eddington-Barbier approximation

But how realistic is to assume Eddington-Barbier in realistic situations / chromospheric 
line formation?

J. P. Bjørgen et al.: 3D modeling of Ca II H and K

Fig. 16. Emergent intensity expressed as brightness temperature Tb (upper row) and formation height z(⌧ = 1) (bottom row) at K3 for Model 1, 2,
and 3 (left, center, and right column) computed at µ = 1.

Fig. 17. Formation properties of Ca II K3 from
Model 1. Panel a: joint-PDF of the emergent K3
intensity and the source function at ⌧ = 1 at the
wavelength of K3 are shown. Panel b: joint-PDF
of the emergent K3 intensity and the z(⌧ = 1)
at the wavelength of K3 are shown. The gray
curve in panel b shows the horizontally averaged
profile-averaged mean intensity J̄

'. The panels
follow the same format as Fig. 6.

We examined whether the K3 Doppler shift 33 (Eq. (5)) cor-
responds to the vertical velocity vZ(z3) at the K3 formation height
z3. Panel a in Fig. 18 shows this is true with a very strong correla-
tion. Two spurious spots outside of the main distribution resulted
from K3 misfits in complex profiles with more than two emission
peaks. The wavelength position of K3 is a very accurate probe for
velocities in the upper chromosphere.

We studied how the K2 peak separation �32 (Eq. (7)) is
related to the corresponding maximum amplitude of the vertical
velocity �3Z (Eq. (9)). Panel b in Fig. 18 shows a decent cor-
relation for �32 < 20 km s�1. An example is given in panel a
of Fig. 9, where a 11 km s�1 K2 peak separation corresponds to
�3Z = 5 km s�1. A larger separation of the K2 peaks is caused by
the deep chromospheric heating discussed in Sect. 6.3.4 and is
not dependent on the velocity amplitudes.

We related the averaged K2 Doppler shift 32 (Eq. (6)) with
the averaged vertical velocity h3Zi2 at K2 (Eq. (8)). Panel c
in Fig. 18 shows that this is a good velocity diagnostic for

the middle chromosphere, especially for strong velocities. The
distribution shows a number of points sticking out toward the
left at h3Zi2 = 0. These points are mainly caused by misiden-
tifications of one or both of the K2 peaks. We note that in the
simulations one has access to the formation heights of the peaks,
while this is not the case for observations. Observationally, 32
can thus be used to estimate the vertical velocity in the chro-
mosphere at the peak formation heights, but it is not possible to
estimate the formation heights themselves.

Finally, we related the peak asymmetry A (Eq. (2)) with
the mean vertical velocity h3Zi2�3 (Eq. (10)). In the quiet Sun
observations, the peak asymmetry is mostly positive indicating
in the chromosphere a particular type of downflows that fol-
low upward passages of shock waves (Carlsson & Stein 1997).
Panel d in Fig. 18 shows an anti-correlation of A with h3Zi2�3,
which means that the blue emission peak becomes stronger than
the red emission peak if material in the middle–upper chromo-
sphere is mainly moving down and vice versa. This dependence

A62, page 15 of 19

Bjørgen et al. (2018)

Ca II K: �S(τ = 1) vs Ik3



The Eddington-Barbier approximation

Astrophysical spectra AS5004
Final exam 2019-08-21

Aids allowed: Pencil, eraser, ruler, a standard mathematical table (like �), pocket calculator.

A sheet with basic physical constants and formulae is attached to this exam. Quantitative

answers as well as explicit derivations including motivating important steps/approximations

must be given for full points. Partly solved problems may also give points, but not full points.

Total points: 10. You need 5 points to pass the exam. This exam is anonymised. Write your

name and personal number on the cover sheet only, not on the individual sheets; but write your

code on every sheet.

1. Magnitudes: The Sun seen at a distance d = 10 pc (very afar) would have a visual

magnitude of 4.75 mag.

a) (0.75 pts) If the Earth were to be observed to transit the Sun (that is, the planet

to pass between the Sun and the observer), how many magnitudes would the brightness

drop, as seen from 10 pc? Assume the Sun and the Earth to be perfect spheres of radii

listed on the equation sheet.

b) (1 pts) The albedo of the Earth, the amount of light it reflects back, is around ⌘ = 0.35.

How many magnitudes would the total brightness from the Sun+Earth system drop if the

Earth was to be seen going behind the Sun, i.e. a secondary transit, as seen from 10 pc?

Neglect the e�ects of the energy that is absorved by the Earth (1� ⌘).

2. Eddington-Barbier approximation. The figure shows the source function of a plane

parallel stellar atmosphere as a function of height.
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a) (1.25 pts) Write the Eddington-Barbier approximation for vertical rays. Explain very

briefly what is the physical meaning of this approximation?

b) (1.5 pts) Draw a graph of the vertically emergent line profile (µ = 1) as a function of

frequency, if you know that ⌧⌫ = 1 is reached in the far wing of the line at z = 0 km, and

⌧⌫ = 1 is reached at z = 1750 km at line centre. The y-axis of your graph should have a

scale. The x-axis can be qualitative because you dont know the variation of the extinction

profile with height and frequency. You will find a larger version of this figure at the end

of the exam that you can use to plot your solution, but make sure to include that page

when you hand in your exam.

3. Line broadening and curve of growth. Assume an atmosphere where the source

function can be assumed to have a linear dependence with the continuum optical depth ⌧c
so that S⌫ = s0 + s1⌧c, where s0 and s1 are constants that depend on the local conditions

of the atmosphere. Additionally, the monochromatic total optical depth in the presence of

a spectral line can be written as ⌧⌫ = ⌧c(1+⌘l ·'(⌫�⌫0)), where ⌘l represents the strength

1

Imagine that �  is reached in the continuum at �  km and in the center of the 
line at �  km. Can you plot qualitatively the intensity profile given that you 
don’t know the variation of the absorption coefficient with wavelength and height?

τν = 1 z = 0
z = 1750

This approximation can hold in LTE and NLTE



LTE vs NLTE

Discussion: 

What does NLTE mean?

In Thermodynamical Equilibrium (TE): �  

(Saha-Boltzmann atom populations)

Sν = Bν, Iν = Bν, Jν = Bν

In Local Thermodynamical Equilibrium (LTE): � 

(Saha-Boltzmann atom populations)

Sν = Bν, Iν ≠ Bν, Jν ≠ Bν

In non-Local Thermodynamical Equilibrium (NLTE): �Sν ≠ Bν, Iν ≠ Bν, Jν ≠ Bν

nr+1

nr
=

1
ne

2Ur+1

Ur ( 2πmekT
h2 )

3/2

e−χr/kTSaha:

nr
i

nr
=

gi

Ur
e−χi/kTBoltzmann:



Bound-bound processes

NLTE is a very vague term!

Let’s assume a bound-bound transition in a 2 level atom

Radiative excitation Radiative de-excitation Stimulated de-excitation Collisional excitation and de-excitation

The rate equation for this atom in CRD is:

nu

nl
=

J̄Blu + Clu

Aul + J̄Bul + Cul
⇡ (LTE) ⇡ Clu

Cul
<latexit sha1_base64="5G/enXzDr6QBtunab4Kf2F+5UDY="></latexit><latexit sha1_base64="5G/enXzDr6QBtunab4Kf2F+5UDY="></latexit><latexit sha1_base64="5G/enXzDr6QBtunab4Kf2F+5UDY="></latexit><latexit sha1_base64="5G/enXzDr6QBtunab4Kf2F+5UDY="></latexit>

Note the dependence with J (the mean intensity) -> non-locality

(Aul + JBul + Cul)nu = (JBlu + Clu)nl
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Bound-bound processes

All processes that involve the absorption of a photon involve an electron transition 
from the lower to the upper level: the absorption coefficient depends on the lower 
level population density.

αexc
ν =

hν0

4π
nlBlu χ(ν − ν0)

All processes that emit a photon involve an electron transition from the upper level 
to the lower level: the emissivity depends on the upper level population density.

jspon
ν =

hν0

4π
nuAulψ(ν − ν0)

jind
ν =

hν0

4π
nuBulϕ(ν − ν0)

However, in the rate equation both �  and �  are proportional to the mean 
intensity (� ), so we normally write induced deexcitation as a negative opacity.

We do this to keep the form of the RT equation by grouping all terms that depend 
on � :

Blu Bul
J̄

Iν

αline
ν =

hν0

4π (nlBlu χ(ν − ν0) − nuBulϕ(ν − ν0))



The source function

Sline
ν =

jν
αν

=
nuAulψ

nlBluϕ − nuBul χ

Einstein relations
Aul

Bul
=

2hν3

c2

Blu

Bul
=

gu

gl

Cul

Clu
=

gu

gl
e(Eu−El)/kT

Sline
ν =

2hν3

c2

1
gunl

glnu
− 1

Sline
ν,LTE =

2hν3

c2

1
e−(Eu−El)/kT − 1

= Bν

Where are the collisional terms?



Bound-free processes
There are 5 processes that can take place between a bound level and a continuum 
level (ionization). These processes are analogous to those in bound-bound levels.

In a complex atom, these processes must also be taken into account. The 
contribute regulating the electron density and the density of the species under 
consideration.

26 CHAPTER 2. BASIC RADIATIVE TRANSFER

Figure 2.6: H I bound-free extinction coefficient σbf
ν per hydrogen atom in level n (here written as αn)

against wavelength. The Lyman, Balmer, Paschen, Brackett and Pfund edges are marked by the quantum
number n of the ionizing level. Their amplitudes increase with n and have not been added up in this
figure. The threshold wavelengths are specified in Table 8.1 on page 176. Figure 8.14 on page 191 shows
the hydrogen and helium bound-free and free-free extinction for the actual mix of particles in three stellar
atmospheres. The total extinction from all continuous processes is shown for a grid of stellar atmospheres
in the Vitense diagrams on page 179 and page 192 ff. From Gray (1992).

σbf
ν ∼ 1/n5, because the Rydberg sequence for the hydrogen ionization thresholds has

hνn = χcn = E∞ − En = 13.6/n2 eV so that the factor ν−3 converts into a factor n6.
The bound-free extinction peaks are much lower than the bound-bound resonance-line

peaks. For example, the Lyα line at λ = 121.5 nm or ν = 2.47 × 1015 Hz has oscillator
strength f12 = 0.416 (page 280 of Rybicki and Lightman 1979). Assuming a = 0 in (2.54)
and T = 104 K in (2.49) gives with (2.65) and (2.66) a Lyα peak extinction σLyα(ν=ν0) =
4.0× 10−14 cm2, three orders of magnitude larger than the peaks in Figure 2.6. However,
the edges are much wider. The edge-integrated bound-free extinction is ν0/2 times larger
than (2.74), so that the full Lyman edge with threshold frequency ν0 = 3.3 × 1015 Hz
has integrated cross-section σLy edge = 0.01 cm2 Hz, about the same as the integrated
Lyα cross-section σLy α = 0.011 cm2 Hz given by (2.66). Note that the actual integrated
radiative transiton rates in the two features depend on the radiation field, as specified by
(3.4) on page 45 and (3.7) on page 46, respectively.

Free-free transitions. Free-free transitions13 have Sν = Bν when the Maxwell velocity
distribution holds (“thermal Bremsstrahlung”). A formula for the corresponding extinc-
tion coefficient per particle is (Rybicki and Lightman 1979 p. 162):

σff
ν = 3.7 × 108 Ne

Z2

T 1/2ν3
gff , (2.76)

with Z the ion charge, Ne and Nion the electron and ion densities, and gff a Gaunt factor
of order unity. There is no threshold frequency. This expression is derived classically;

13Note the astronomical convention: H I free-free extinction describes photon-absorbing encounters be-
tween protons and free electrons with Z = 1 and Nion = Np; H II free-free encounters do not exist; H

−

free-free encounters are between neutral hydrogen atoms and free electrons.

6B;m`2 R8, "QmM/@7`22 2tiBM+iBQM /m2 iQ #QmM/@7`22 i`�MbBiBQMb 7`QK /Bz2`2Mi
#QmM/ H2p2Hb Q7 ?v/`Q;2MX _2T`Q/m+2/ 7`QK :`�v Ukyy8VX

↵
bf
⌫

= ni�ic(⌫)(1�
bc

bi
e
�h⌫/kT

),

S
bf
⌫

=
2h⌫

3

c2

1

bi

bc
eh⌫/kT � 1

. UNX3V

h?2 bi �M/ bc bvK#QHb �`2 +�HH2/ /2T�`im`2 +Q2{+B2Mib- �M/ �`2 /2}M2/ �b
i?2 `�iBQ Q7 i?2 �+im�H H2p2H TQTmH�iBQM iQ i?2 Gh1 H2p2H TQTmH�iBQM,

bi =
ni

n
LTE
i

UNXNV

Ry Pi?2` `�/B�iBp2 T`Q+2bb2b
AM KQbi +B`+mKbi�M+2b r2 �`2 BMi2`2bi2/ BM i?2 #QmM/@#QmM/ �M/ #QmM/@
7`22 i`�MbBiBQMbX h?2`2 2tBbi ?Qr2p2` K�Mv KQ`2 T`Q+2bb2b i?�i +�M H2�/ iQ
T?QiQM �#bQ`TiBQM �M/ 2KBbbBQMX q2 #`B2~v i`2�i � 72r Q7 i?2 KQ`2 +QKKQM
QM2bX

6`22@7`22 i`�MbBiBQMb � 7`22@7`22 i`�MbBiBQM Bb i?2 2KBbbBQM Q` �#bQ`TiBQM
Q7 � T?QiQM #v �M 2H2+i`QM i?�i KQp2b BM i?2 2H2+i`B+ }2H/ Q7 � +?�`;2/ T�`iB+H2X

9j

Reproduced from Gray (2005)

Why do we get a hard edge?
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The statistical equilibrium equations

If the rates between the states of a particle are known we can set up an equation 
system that determines the population of the states:

dni

dt
= rates into level i − rates out of level i

We can also assume that the system has reached an equilibrium state so there are 
no changes in time:

∑
j,j≠i

njPji − ni ∑
j,j≠i

Pij = 0

By defining:

Pii = ∑
j,j≠i

Pij

PTn = 0

We can write these equations in matrix form:



The statistical equilibrium equations
PTn = 0

There are only �  independent equations so impose particle conservation to 
close the system of equations. To do so, we replace one equation of the system 
with:

N − 1

∑
i=1,N

ni = ntot

For a 2-level atom:

[P11 P21
P12 P22] = [n1

n2] = [0
0]

And given that, �  and � :P11 = − P12 P22 = − P21

[−P12 P21
P12 −P21] = [n1

n2] = [0
0]

Imposing particle conservation:

[−P12 P21

1 1 ] = [n1
n2] = [ 0

ntot]



The statistical equilibrium equations

n2

n1
=

B12J̄ν0
+ C12

A12 + B12J̄ν0
+ C21

Which, after expanding �  and �  has solution:P12 P21

In LTE:  �        (the radiative terms are negligible)
n2

n1 LTE

=
C12

C21

In reality we have atoms with more complex atoms: many bound-bound and 
bound-free transitions.

The NLTE problem: �Iν = Iν(n(J̄ν0
(Iν)))

We need to iterate in order to make �  and �  consistent with each other.Iν n

What happens if we set �  in that population ratio?J̄ν0
= Bν0



Scattering

There are 4 combinations of processes that can occur between 2 levels:

 
DA

fI
Tds

Emissivity dIo yjds
Extinction dIo aoIods

q
a Ek

m L Iifa I 1
a

T i it
photon creation photon destruction Scattering (we don’t care ;-) )

Stimulated de-excitation is a particular case because it depends on the radiation field. 

Let’s conveniently ignore it for this explanation.

These two involve photon absorption



Scattering

When collisional rates are very low, there is no net creation/destruction of photons: 
There is no energy being exchanged between radiation and matter.


The photon simply scatters in the atmosphere until it can scape.

For a 2-level atom we can introduce the photon destruction probability:

ϵν =
Cul

Cul + Aul

Collision

Scattering

…and re-write the source function based on these two contributions:

Sν = (1 − ϵν)Jν + ϵνBν

With two extreme cases based on the value of � :ϵν

ϵν = 1 → Sν = Bν

ϵν = 0 → Sν = Jν



Scattering
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0 1000 2000

5

6

7

8

9

10

T
[k

K
]

0 1000 2000

z [km]

�3.0

�2.5

�2.0

�1.5

�1.0

�0.5

0.0

✏ ⌫

0 1000 2000

�9.0

�8.5

�8.0

�7.5

�7.0

S
⌫



Scattering
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Scattering
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Scattering
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Remember Eddington-Babier and the relation between S and I: 
�Iν = Sν(τν = μ)

A scattering atmosphere implies no photon creation or destruction via collisions!



Solving the statistical equilibrium equations

The NLTE problem: � , but we don’t now �  (or � ).Iν = Iν(n(J̄ν0
(Sν(Iν)))) J̄ν0

Sν

We typically start from �  or �  and iterate from there the linearized or 
preconditioned rate statistical equilibrium equations.

nLTE nJ̄=0

n2

n1 J̄=0

=
C12

A12 + C21

n2

n1 LTE

=
C12

C21

The main reason is that we solve individually �  and then � . Which translates into 
photons taking very small steps in each iteration (� ).

J̄ν0
n

Δτ ≈ 1

LTE populations Zero radiation

Lambda-iteration

After each iteration we update �  and recompute �  until they are consistent with 
each other: � -iteration (� ) �  very poor convergence and slow.

J̄ν0
n

Λ J̄ν0
= Λν(Sν) ⟶

ni → Iν → J̄ν0
→ ni+1



Solving the statistical equilibrium equations

Approximate Lambda-iteration
We can choose an approximate lambda operator that is easy to invert and that 
converges much faster at large optical depth: �Λν = Λ* + (Λν − Λ*)

We can re-write the problem so only invert �  and iterate (anyway, we had to 
iterate because we had linearized the problem!).

Λ*

It turns out that we can choose �  in such a way that it accelerates the computations at 
large optical depths:

• Scharmer’s global operator [MULTI]


• Diagonal operator (turns the problems into Jacobi iterations) [RH,MULTI3D,SNAPI,PORTA]


• Core saturation


• Gauss-Seidel [MULTI3D]

Λ*



Solving the statistical equilibrium equations5.3. LAMBDA ITERATION 127

Figure 5.2: Examples of convergence for Lambda iteration with different operators, for the classic test
case of a semi-infinite isothermal atmosphere with constant εν0 = 10−3 and complete redistribution over
a Doppler profile (Gaussian line broadening, the same as Figure 4.12 on page 108). Each panel plots
twenty successive source function estimates S(n) with n = 1, . . . , 20 against optical depth, starting from
S = B. The correct solution is given by the curve with superposed dots in each panel. The scales are
logarithmic; the x-axis extends from log τ = −2 to log τ = 5, the y-axis from S = 10−2 to S = 1. The
mean intensity J has J ≈ S. The radiation field thermalizes near τ = Λν0 ≈ 103 corresponding to (4.106)
on page 110. Upper left: classical Λ iteration as discussed on page 124. The twenty Λ iterations don’t
reach the converged solution (bottom curve) since of order Λν0 ≈ 103 iterations are required to do so.
However, the increments have become deceptively small percentage-wise; it is easy to believe mistakenly
that the right S is close already at n = 20. Upper right: iteration with the Scharmer operator (page 128).
Its convergence is excellent: it reaches the correct curve already at n = 2. Lower left: iteration with
the local OAB operator (page 130), consisting of the diagonal of the Λ matrix. Reasonable convergence.
Lower right: iteration with the same one-point operator using “conjugate vector” acceleration. From Auer
(1991).

Lambda operator Scharmer’s operator

Diagonal operator Diagonal operator + acceleration



To take home

• Collisions allow to create and destroy photons and to transfer energy 
from radiation to gas and vice-versa. They are very important, even 
when collisional rates are very low!


• Without collisions, atoms absorb and re-emit photons until they scape 
(scattering).


• Coupling to the local conditions of the plasma is achieved via 
collisions.


• Statistical equilibrium equations are solved iteratively.


