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Line profiles

Sline
ν =

jν
αν

=
nuAulψ

nlBluϕ − nuBul χ
We have a full chapter dedicated to line broadening and profiles in the class notes:

• Level finite lifetime (Heisenberg’s principle): Lorentzian profile.


• Collisions with electrons, hydrogen atoms: Lorentzian profile.


• Thermal motions of atoms: Gaussian profile.


• Turbulent (macroscopic) motions: Gaussian profile.
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We can combine these broadening effects by convolution of the profiles.

The convolution of a Lorentzian with a Gaussian is a Voigt profile.



Line profiles

τν = ∫
s

0
αν(s)ds′�

Let’s assume a constant property slab so � :αν(s) = α0
ν = η0ψ(ν − ν0)

τν = η0ψ(ν − ν0) ⋅ s

At line center � .ψ = ψmax ≈ 1 ⟶ τν = τmax
In wings: �0 ≤ τν < τmax
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If �  the medium is optically thin. If �  the medium is optically thick.τν < 1 τν ⪆ 1



Line profiles

Iν = S0 + S1
1

1 + η0ψ(ν − ν0)

Let’s assume an unpolarized line profile with a linear source function:

But in general, if the line is optically thick, the observed intensity profile is wider than � .

Opacity broadening. So the line width cannot be related directly to temperature in 
optically thick case.

ψ

You can try to show it, by assuming a small value of �  and a large one. For example, 
�  and �  and assuming a Gaussian profile. Then measure the FWHM of � !

η0
η0 = 0.1 η0 = 15 Iν

The observed intensity profile is linearly dependent on � , and the width of the intensity 
profile is given by the Doppler width.

ψ

If the line is optically thin, then:

Iν ≈ S0 + S1(1 − η0ψ(ν − ν0))



Photon redistribution effects
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Let’s assume two situations for scattering atmospheres:

Coherent scattering: �  photons are re-emitted with the same � .R(ν, ν′ �) = δ(ν′�− ν) ν

Complete redistribution: � , the frequency of the absorbed and emitted 
photons are completely uncorrelated.

R(ν, ν′ �) = ϕ(ν)

Think how is the plasma in an atmosphere: dynamic  
(thermal motions, macroscopic motions, collisions)


Which of the two regimes seems more realistic to you? Why?



Photon redistribution effects

Coherent scattering: �  photons are re-emitted with the same � .R(ν, ν′ �) = δ(ν′�− ν) ν

The medium is optically thick, so photons can only scatter many many times in order 
to escape. They are re-emitted at the same frequency after each absorption but not 
necessarily in the same direction: “random walk”-like path.

The medium becomes less and less optically thick as we move in the vertical direction, 
so eventually photons can scape from the atmosphere.

Coherent scattering is a very inefficient way of escaping the atmosphere.

The thermalization depth occurs very high in the atmosphere: �Λ = 1/ ϵ
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Photon redistribution effects
Complete redistribution: � , the frequency of the absorbed and emitted 
photons are completely uncorrelated.

R(ν, ν′ �) = ϕ(ν)

Photons do not only scatter in direction, but also in frequency.
In most lines the wings become optically thin within a few Doppler widths.

If a photon is re-emitted in the optically thin wings, it can escape at once!

As you can imagine, collisions do help to uncorrelate the  
frequency of the absorbed and re-emitted photon.

If the profile is Lorentzian: � 

If the profile is Gaussian: � 

Thermalization occurs deeper in the atmosphere.

Λ = 1/ϵ2

Λ = 1/ϵ

Complete redistribution is a much more efficient 
mechanism to escape via redistribution to the wings.
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Partial redistribution effects

Now imagine an intermediate situation were re-emitted photons have some memory of 
the incoming frequency and direction. 

This is the case of very strong lines were the damping wings are optically thick, so 
photons cannot escape as in complete redistribution and still have to scatter even at 
the wings.
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In CRD: � �χ = ϕ = ψ ⟶ Sline
ν =

nuAul

nlBlu − nuBul

In PRD: � �χ ≠ ϕ ≠ ψ ⟶ Sline
ν =

nuAulψ
nlBluϕ − nuBul χ



Sensitivity of the line: where is it formed?

Perhaps the right question is: where is it formed at which wavelength? 
Contribution functions do not contain information of the non-local part.

Iν = ∫
τ0

ν

−∞
Sν(z)e−τν(z) dτν(z)

dz
dz

316 Uitenbroek
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Figure 2. Contribution function of the inner part of the Na i D1 line in a
one-dimensional plane-parallel atmosphere. The line profile is overplotted for
reference.

z in the atmosphere:

Iλ =

∫ z0

−∞

Sλ(z) exp (−τλ(z))
dτλ(z)

dz
dz =

∫ z0

−∞

Cλ(z)dz, (6)

where z0 is the top of the atmosphere. For each wavelength λ the integrand Cλ(z)
of Equation (6) defines a function of height that describes where and how much the
atmosphere contributes to the emergent intensity Iλ. This quantity, therefore, is called
the “contribution function to the intensity”. An example is given in Figure2, which
shows the contribution function of the inner part of the Na i D1 in a one-dimensional
plane-parallel model of the average quiet Sun (model C of Fontenla et al. 1993). The
shape of the contribution shows that the dominant contribution to the intensity in the
far wing comes from the photosphere (defined as z = 0), while the core of the lines comes
mostly from higher layers around 800 km. At each wavelength the contribution function
of the D1 line has a spread of about 100 – 200 km in height. At small z the function
Cλ(z) vanishes because of the large optical depth in the exponential. Higher up at
low densities the opacity changes very little with height, so that dτ/dz is negligible. In
between C reaches a maximum, which could be considered the main height of formation.

Although the Eddington-Barbier relation provides a convenient first guess of the
formation height of the intensity at a given wavelength, it fails to account for the range
of heights that contribute to the emergent intensity, as made clear by the shape of the
contribution function, nor does it account for the value of the source function S, which
may be very small where τ = 1. The contribution function, therefore provides a more
realistic estimate of formation heights.

2.3. The Response Function

The contribution function provides an estimate of the formation height of intensity
taking account of both the opacity and the source function at the wavelength under
consideration. however, it does not account for the fact that the source function near
optical depth unity may be controlled by properties of the atmosphere at much different
heights. For example in a spectral line that forms under strong non-LTE conditions (i.e.,

Reproduced from Uitenbroek (2006)

�  = contribution functionCν



Sensitivity of the line: where is it formed?

Response functions are more useful, because they relate to real physical parameters:

RX
ν (z) =

δIν(z, X)
δXδz

The allow to compute the sensitivity with respect to each physical parameter: 
�T, vl.o.s, vturb, B

Traditionally we could only compute response functions analytically in LTE (e.g., the SIR 
code). But recently Milic & van Noort (2017) showed that it is possible to compute NLTE 

CRD response functions



Sensitivity of the line: where is it formed?

Milic & van Noort (2017)

A&A 601, A100 (2017)

Fig. 3. Intensity response functions to temperature for a 8542 Ca line in FALC model atmosphere, normalized with respect to the emergent profile,
given in units of 10�4. Top left: emergent line profile; top right: numerical (finite di↵erence) computation of intensity responses; bottom left:
responses computed analytically using the method explained in the paper; bottom right: absolute di↵erences between analytical and numerical
computations normalized to the maximum response (log scale).

require a computing time similar to that of one NLTE solution
and would thus o↵er an acceleration of one order of magnitude,
and a corresponding inversion code is under construction.
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Sensitivity of the line: where is it formed?

0

1

2

z
[M

m
]

Ca II K Fe I 6301 & 6302

T

Ca II 8542

0

1

2

z
[M

m
]

V
l.
o.
s

0

1

2

z
[M

m
]

V
tu
rb

0

1

2

z
[M

m
]

B
k

0

1

2

z
[M

m
]

|B
?
|

3932 3933 3934 3935

� [Å]
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Sensitivity of the line: where is it formed?
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B
�

Stokes Q
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Sensitivity of the line: where is it formed?

0

1

2

z
[M

m
]

Ca II K Fe I 6301 & 6302

T

Ca II 8542

0

1

2

z
[M

m
]

V
l.
o.
s

0

1

2

z
[M

m
]

V
tu
rb

0

1

2

z
[M

m
]

B
k

0

1

2

z
[M

m
]

|B
?
|

3932 3933 3934 3935

� [Å]

0

1

2

z
[M

m
]

6301.0 6301.5 6302.0 6302.5

� [Å]
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Response functions in data modelling: inversions



NLTE inversions
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NLTE inversions
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To take home

• Partial redistribution effects are important in very strong lines where the 
damping wings are optically thick.


• Partial redistribution is an intermediate case between coherent 
scattering and complete redistribution of scattered photons.


• Contribution functions provide information of the formation of the line 
but they only depend on the opacity and the source function.


• Response functions allow estimating the sensitivity of spectral lines at 
each wavelength to changes in the physical parameters of the model 
atmosphere.


• Response functions allow performing NLTE inversions based on 
gradient descent methods (like the Levenberg-Marquardt algorithm).


